We obtain a black hole solution in the Einstein-Gauss-Bonnet theory for the string cloud model in a five dimensional spacetime. We analyze the event horizons and naked singularities. Later, we compute the Hawking temperature TH, the specific heat C, the entropy S, and the Helmholtz free energy F of the black hole. The entropy was computed using the Wald formulation. In addition, the quantum correction to the Wald's entropy is considered for the string cloud source.
Introduction
Black holes are one of the most exciting and fascinating objects on gravity physics, mostly because their thermodynamical properties have a deep similarity with statistical mechanics [24] , [7] , [5] . In the last decades there has been a renewal of interest in higher dimensional spacetimes associated with this kind of objects. Moreover, a lot of effort to understand the quadratic corrections to the Einstein-Hilbert action has been put.
At the present time, it is well-known that for a spacetime with dimension D ≥ 5 the EinsteinHilbert action of gravity admits quadratic corrections constructed from coordinate-invariant tensors which scale as fourth derivatives of the metric. In particular, when D = 5, the most general theory leading to second order equations for the metric is the so-called Einstein-Gauss-Bonnet (EGB) theory or Lovelock theory up to second order. This class of model for higher dimensional gravity has been widely studied, because it can be obtained in * Institut für Mathematik, Universität Paderborn, 33098, Paderborn, Germany. E-mail: herscovi@math.uni-paderborn.de † Departamento de Física, Facultad de Ciencias Exactas y Naturales, UBA Ciudad Universitaria, Pabellón I (1428), Buenos Aires, Argentina. E-mail: martin@df.uba.ar the low energy limit of string theory (see [43] ). For a D-dimensional spacetime with D < 5, the GaussBonnet (GB) term does not give any contribution to the dynamical equations.
According to the recent theoretical developments, a scenario in which the fundamental building blocks of nature are extended objects instead of point objects should be considered quite seriously. In particular, one-dimensional objects (strings) are the most popular candidates. The study of the gravitational effects of matter in the form of clouds of both cosmic and fundamental strings has then deserved considerable attention (see [6] , [27] , [38] ). Many authors have found exact black hole solutions in Einstein-Gauss-Bonnet models with different kind of sources, for instance, with Maxwell and Born-Infeld energy-momentum tensor, matter, a radiating source and Yang-Mills fields (see [20] , [21] , [29] , [41] , [30] , [23] ). Moreover, black holes with a five dimensional Gauss-Bonnet term in the bulk and an induced three-dimensional curvature term on the brane were also found [15] , [16] .
Also, some authors have put great attention to the thermodynamics of these solutions, as a way to characterize the black holes (see [11] , [13] , [18] , [17] , [19] , [34] ). In particular, R. Cai has studied the phase structure of the topological black holes in the EGB theory with negative cosmological con-stant (see [9] ). More recently, in [14] the authors have investigated the entropy of black holes in GB and Lovelock gravity using the Noether charge approach. In addition, in [32] the authors have explored all the thermodynamics quantities for the EGB model with AdS backgrounds. They have concentrated on the role of the sign of the GaussBonnet coupling constant α.
We are interested in the construction of black hole solutions in a five dimensional spacetime with an energy-momentum tensor coming from a string cloud model. In the present work our starting point is to solve the full non-linear EinsteinGauss-Bonnet equations for a static and spherically symmetric metric. We study not only the structure of the geometry but also the thermodynamical stability of the system. Later, we shall concentrate on the dynamical stability, i.e. we will study the effective potential arising from the scalar waves perturbation satisfying either the massive or non-massive Klein-Gordon equation.
The paper is organized as follows. In Section 2 we recall the basic facts of the Einstein-GaussBonnet theory and of the string cloud model studied by P. Letelier. In the next section we present the exact solution for a EGB theory on a static spherically symmetric 5-dimensional spacetime with a source provided by a string of clouds. As a consistency check, we reobtain the well-known Schwarzschild 5-dimensional spacetime from our solution as a particular case. Moreover, we also study the possible event horizons and singularities. In Section 4 we focus on the thermodynamical properties of the aforementioned spacetime. More concretely, we obtain the Hawking temperature, the Helmholtz free energy, the heat capacity and the entropy. In particular, the entropy of the black hole was computed using the Wald prescription. The sign of the heat capacity allows us to determine the local stability of the system, whereas the sign of the free energy tells us if the system is globally preferred or not.
In Subsection 4.3, following th techniques of the tunneling method considered in [4] , we compute the quantum corrections to the entropy, and we prove that it coincides with the standard expressions (cf. eq. (27) in [42] ) under fairly more general assumptions. In the next subsection we explicitly determine when a black hole evaporates in a finite time, generalizing previous considerations in the literature.
Finally, in Section 5 we consider a scalar field propagating in the bulk given by the spacetime and we determine the effective potential in this case and its third order approximation.
Generalities

The Einstein-Gauss-Bonnet theory
We first recall the general facts about the EinsteinGauss-Bonnet model on five dimensions. It is a generalization of Einstein Relativity, since its action also involves quadratic corrections constructed from coordinate-invariant tensors which scale as fourth derivatives of the metric (see [28] ). The action for this theory coupled on a 5-dimensional Lorentzian manifold (M, g) with matter fields is as follows
where S mat denotes the action associated with the matter fields, α is the so-called Gauss-Bonnet coupling constant, which we consider to be nonnegative, g is the determinant of the metric g and
Hereafter we will adopt the signature (−, +, +, +, +) for the metric and we shall follow all the main conventions of General Relativity (GR) explained in [37] . The corresponding Euler-Lagrange equations (also called EGB equations) for the metric are
where T µν is the energy-momentum tensor and
We point out that, as in the plain General Relativity, the divergence of the EGB tensor G µν vanishes.
As a remarkable property of this theory we may say that the resulting equations of motion have no more than second order derivatives of the metric and the theory has been shown to be free of ghosts when it is expanded around the flat space, avoiding any problem concerning unitarity (see [8] ). Further, it has been argued that the Gauss-Bonnet term appears as the leading correction to the effective low-energy action of the heterotic string theory (see [43] , [33] ).
The string cloud model
In this subsection we shall briefly review the theory of clouds of strings (see [27] ). This cloud of strings will be the source of the subsequent families of spacetimes satisfying the Einstein-GaussBonnet model.
The Nambu-Goto action of a string evolving in the base manifold (M, g) is
where p is a positive constant related to the string tension, (λ 0 , λ 1 ) is a parametrization of the world sheet Σ described by the string with induced metric given by
and h is the determinant of h. Alternatively, we may describe the world sheet by a bivector Σ ∈ Γ(Λ 2 T M ) of the form
where ǫ ab denotes the two-dimensional LeviCivita tensor given by ǫ 01 = −ǫ 10 = 1. The former satisfies the following identities
where the square brackets indicate antisymmetrization in the enclosed indices. By the Frobenius' theorem, any bivector satisfying the previous identities leads to a parametrized surface such that (2.2) holds. We would like to point out the following identity
which will be used in the sequel and which follows directly from the definition of h and Σ. In this description, the Lagrangian density becomes
Taking into account that T µν = 2∂L/∂g µν , we may obtain that the energy-momentum tensor for one string is given by T µν = pΣ µρ Σ ν ρ / √ −h. Hence, we shall consider the following energymomentum tensor
for a string cloud with density ρ. By making use of the Bianchi identity and the fact that the divergence of the Einstein tensor vanishes we see that (−h) Employing a system of coordinates adapted to the parametrization of the surface, we see that in fact
Exact solutions
From now on, we shall restrict ourselves to the case of static spherically symmetric 5-dimensional EGB spacetimes (M, g), so we may suppose that (locally) there exists a system of coordinates (t, r, φ, θ, ξ) such that the metric g is given by
where G is a real-valued non-vanishing C ∞ function of r and ω is the volume form of S 3 for the remaining coordinates, namely,
We shall also assume that the string cloud is spherically symmetric, so the only non-vanishing component may be Σ tr = −Σ rt , because Σ is a bivector. Therefore, the non-zero components of bivector are given by
This source corresponds physically to a collection of strings which are extended along the radial direction, distributed uniformly over the sphere. That is, the worldsheet of each string covers the t-r plane, which is the simplest case.
Computation of T µν
Since the only possible non-vanishing component of the bivector Σ is Σ tr = −Σ rt , we have
Taking into account that
tr |, and the other components vanish. Furthermore, the identity (2.5) yields ∂ r (r 3 T
We shall now discuss the energy conditions for this source.
For the the energymomentum tensor written in diagonal form as T µ ν = diag(−σ, p r , 0, 0, 0), the weak energy condition (WEC) means that σ ≥ 0, and p r + σ ≥ 0, whereas the dominant energy condition (DEC) says that σ ≥ 0, and |p r | ≤ σ. Moreover, the strong energy condition (SEC) states that σ + p r ≥ 0 and 3p r + σ ≥ 0 (cf. [36] ). The physical meaning of σ and p r is the energy density and the radial pressure, respectively. It is important to mention that the WEC implies the so called null energy condition (NEC) which says that σ + p r ≥ 0 (cf. [36] ).
In our model we obtain that σ = a/r 3 and p r = −a/r 3 . We see thus that the NEC is always satisfied. Also, the WEC and the DEC are satisfied for a ≥ 0, otherwise these conditions are violated. On the other hand, we find that the SEC is violated for a > 0, whereas for the opposite case the SEC holds.
Computation of the metric g ab
The diagonal EGB equations (2.1) for the energy momentum tensor given in the previous subsection are
After a rather long manipulation we obtain that the components of the EGB tensor are given by
and the remaining EGB equations are trivial. We point out that the second family of differential equations (3.2) are a consequence of the first family in (3.2). In consequence, G(r) satisfies the identity
for some real constant b. Finally, there are two branches for the solution
Taking into account that a realistic physical solution must become the classical Schwarzschild solution of General Relativity in five dimensions without sources (i.e. for Λ = 0 and a = 0) when considering the limit α → 0, we conclude that the solution (3.3) with plus sign has no physical interest, since in that case the mentioned limit does not exist 2 . Moreover, from the comparison of the expansion up to first order terms of the square root of the solution (3.3) and the classical Schwarzschild solution of general relativity (with a = 0 and Λ = 0) we conclude that
(3.4) In general, the solution may have two possible singularities: the usual singularity at r = 0 and also the so-called branch singularity at r b > 0 which is defined as follows. Since G(r) must be realvalued, we should only consider the domain values r such that the radicand in (3.4) is non-positive. If 1 + 4αΛ/3 ≥ 0 this radicand is always nonnegative, but for 1 + 4αΛ/3 < 0 there exist values of r such that it is negative. If 1 + 4αΛ/3 < 0 holds, we define r b as the minimum positive real root of the quartic polynomial
if it has three different positive roots, or as the maximum positive root, otherwise. Hence, the metric is a priori only defined for r ∈ (0, r b ). So, as we said, if 1 + 4αΛ/3 < 0, there is a finite radius a singularity and the allowed domain of the radial coordinate is then no more 0 < r < ∞ (cf. [39] ). On the other hand, if r → 0, G(r) approaches to 1 − m/α, which can be interpreted as the fact that the EGB term removes the metric singularities at the origin (cf. [41] ).
In a similar way, for the vacumm state (i.e. m = 0, a = 0) for (3.3) the metric takes the form
In order that G(r) is real-valued, we must have that αΛ ≥ −3/4. Hence, if Λ ≥ 0 this condition is fulfilled since α ≥ 0, whereas for a negative cosmological constant Λ, the GB coupling constant α must be in the interval
Let us now suppose that 1 + 4αΛ/3 ≥ 0. We may analyze the asymptotic behaviour of the previous expression in the limit r → +∞, which is of the form
This leads to the well-known fact that the GaussBonnet term provides a correction to the original cosmological constant Λ (cf. [8] ).
Event horizons of the black hole
In what follows we are going to briefly discuss the general properties of the static solutions found in the last section. We have there studied the conditions for the function G(r) to be real-valued, but in order that it defines a metric it must be non-zero. By definition an event horizon is a hypersurface of the form r = r h in (M, g) where r h is determined as the maximum positive root of G(r h ) = 0. Therefore, using (3.4), r h is given by
From the considerations of the previous subsection, in the case 1 + 4αΛ/3 < 0, there may be another constraint on the existence of an event horizon, indicating that the event horizon should also satisfy the inequality r h < r b . We shall assume that this is always the case if we suppose that an event horizon exists and the inequality 1 + 4αΛ/3 < 0 holds. If Λ = 0, then equation (3.6) becomes quadratic, and its solutions are The special case where the equality holds is referred to as an extreme black hole with the event horizon given by r ext =ā. Ifā 2 + 2(m − α) < 0, the string cloud solution describe a naked singularity at r = 0. Now, we establish what the leading terms of the most relevant quadratic invariants near the physical singularity (r = 0) are:
It turns out that the mass term dominates over the string cloud contribution near the singularity. However, the last term is smoother than the one for the 5-dimensional Schwarzschild metric with negative mass, that possesses a timelike naked singularity at the origin with Kretschmann scalar R abcd R abcd diverging as r −8 (cf. [21] ). On the other hand, the Kretschmann scalar for the charged Gauss-Bonnet black hole has a leading term of the form r −6 but it also has similar terms as in our case.
Thermodynamics of the black hole
In this section we shall discuss and reckon the main thermodynamical properties of the string black holes solution within the EGB framework. For the entire sectionā will be treated as an external parameter in relation with the thermodynamical considerations.
Using the standard definition of surface gravity K = 1/2|G ′ (r h )| for a spherically symmetric static metric with a static Killing horizon, it follows that
Using the identity T H = K/2π, we see that
Since it will useful later, we remark that in the formula of the Hawking temperature we have omitted the Planck constant in the numerator by our choice of units. Let us consider the case with vanishing cosmological constant. In the limit α → 0 and a → 0, we recover the classical result for Schwarzschild spacetime saying that the Hawking temperature diverges when the event horizon shrinks to zero. On the contrary, for vanishing a but non-zero EGB coupling constant α, the Hawking temperature remains finite when performing the limit r h → 0 (cf. [9] ). Besides, for a = 0 and α = 0, there is a particular radius of the event horizon for which the Hawking temperature vanishes, so the black hole does not radiate energy. As a general behaviour, the Hawking temperature exhibits a peak, which decreases and moves to the right when the string cloud parameter a grows (see Fig. 1 ). 
Global stability
It is a well-known fact that asymptotically AdS Schwarzschild black holes are thermally favored when their temperature is sufficiently high, whereas the pure AdS background is thermally preferred for low temperatures.
As the temperature decreases, there is a first order transition such that the black hole spacetime leads to a pure AdS geometry. This effect is known as the Hawking-Page transition (HPt) (see [25] ). The phase transition has been widely studied for others asymptotically AdS black holes in the context of EGB gravity (cf. [9] , [13] , [18] , [17] , [19] , [34] ). Now, we are going to study the thermodynamic phase structure for EGB gravity with a source given by a string cloud. In order to do so, we first need to express the black hole mass parameter m as a function of the event horizon radius r h , which can be done using (3.6). The mass parameter m is related to the ADM mass M of the black hole, which takes the form M = 3Ω 3 m/(8π) for a 5-dimensional spacetime, where Ω 3 is the volume of the unit sphere in R 3 . Our next step is to compute the entropy in the case Λ ≤ 0. So, from the first law of thermodynamics dM = T dS and the fact that Λ ≤ 0, we can obtain the entropy of the black hole
where r + denotes the radius of the largest horizon event (see [10] ). We have imposed the physical assumption that the entropy vanishes when the horizon of the black hole shrinks to zero as explained by Cai (see [9] ). The expression is given by (cf. [31] )
As it is well-known, the entropy for the EGB model does not satisfy the Bekenstein-Hawking law S = A/4, since S = A(1 + 12α/r 2 + )/4, where A = 4πr 3 + /3 is the area of the (spherical) event horizon of radius r + (cf. [9] ). Interestingly, the energymomentum tensor of the string cloud does not lead to any correction in the entropy (4.3).
In the previous computation we have asssumed that the ADM mass M is the energy of the black hole. In order to prove so, we might proceed as follows: first, compute the entropy function S W using the Wald formulation and then, from the first principle of thermodynamics dS W = M W dT H , deduce the (real) mass of the black hole M W . We recall that the Wald formulation gives an expression of the entropy for any N -dimensional spacetime with a diffeomorphism invariant Lagrangian such that it admits stationary black hole solutions with a bifurcate Killing horizon (with bifurcation surface Σ), and that the canonical mass and angular momentum of the solutions are well defined at infinity (see [40] ). We shall apply this formulation to the spacetime we are considering, for which the entropy is given by
where L = L EGB + L mat is the sum of the Lagrangians corresponding to the EGB model and the matter source, respectively, √ hdΩ 3 is the volume element induced on Σ by the metric of the spacetime, and ǫ ab is the binormal tensor of the spatial section Σ defined by the horizon given by r = r h and t = cte, satisfying the normalization condition ǫ ab ǫ ab = −2. Giving two null (local) vector fields ξ and ν normal to Σ and satisfying that g(ξ, ν) = 1, the binormal tensor may be written as
We point out that in our case δL mat /δR abcd =0, due to the fact that the string cloud matter is minimally coupled to gravity. Therefore, the matter term in (4.4) does not contribute to the entropy S W . It is not difficult to see that for the variation of the gravity action with respect to the Riemann tensor, regarding R abcd as formally independent to the metric g ab , coincides with the entropy given in (4.3). A detailed derivation of this result can be found in [1] or [22] .
Moreover, using the Wald's entropy and the first law of thermodynamic dM W = T H dS W we get, up to a constant C 0 , the mass of the black holes as
Taking into account that we should obtain the Schwarzschild spacetime in the GR limit studied in Subsection 3.2, we conclude that the previous mass 2M W is equal to the mass of the Schwarzschild black hole, which further implies that C 0 vanishes. Hence, M W coincides with the ADM mass M . The free energy F = M − T H S of the black hole is given by In the limitā → 0, (4.6) gives the same expression found in [9] . For Λ < 0 we obtain that for small radius of event horizons the free energy is positive, so the black hole is globally unstable (in the thermodynamical sense), whereas for large values of r + it is negative (i.e. globally stable black hole) (cf. [3] ). This is thus the Hawking-Page transition mentioned above. Besides, using the eq. (4.6), we can explicitly obtain the critical temperature where the free energy is zero (F (T c ) = 0). Then, the critical temperature in term of the parameters Λ, a and the outer horizon r + is given by .
(4.7)
The latter critical temperature essentially indicates the point where the HPt occurs. More precisely, for T > T c the black hole solution is thermally globally preferred with respect to the reference background while for T < T c the reference background solution is globally favored (for a detailed discussion on this point withā = 0 and with Maxwell corrections, see [3] ). In Fig. 2 we indicate how the HPt is achieved by varying the value of the string cloud parameter a: if the free energy only admits one zero the system passes from an unstable phase to a stable regime. However, from a more careful analysis we see that the free energy may have three roots, so the system exhibits two stable phases: one for the small radius and the other for the large horizon radius. Besides, we obtain that the first stability zone is enlarged when increasing the parameter a over the range [0.5, 1.3].
In Fig. 3 we fix Λ = −0.1 and a = 1. We examine F (r + ) when the Gauss-Bonnet parameter varies over the range [0.001, 0.43]. It turns out that the function F (r + ) has the same phase structure, U-S-U-S (U denotes an unstable zone and S a stable one), then our model seems not only to present the standard HPt but also to offer new phases for the global stability of the EGB gravity. Moreover, the first stability region corresponding to small horizon radii is amplified when increasing α.
Here we have only dealt with the case α ≥ 0 because our model is more related to string theory. However, some authors have considered the EGB model for α < 0 and its implications in the thermodynamics of black hole solutions (see [32] ). 
Local stability
Despite the fact that we have studied the condition for the global stability of the solution we are also going to examine the local thermodynamics structure by computing the specific heat. The reason is that even when a black hole configuration is found to be globally stable, it could also be locally unstable to some globally favored configuration (cf. [3] and references therein).
The heat capacity C = ∂M/∂T turns out to be
(4.8) By simplicity, we shall only analyze the sign of C for Λ = 0. Forā → 0 we recover the specific heat formula reported in [9] .
It is a well-known fact that the local thermodynamic stability of the system is related to the sign of the heat capacity. When r h >ā, we get that the black hole is locally stable to thermal fluctuations (i.e. C > 0) iff m < α, whereas the heat capacity is negative (so the black hole is locally unstable) iff m > α. Notice that the point where the heat capacity vanishes is α = m, corresponding to r h = 2ā. Furthermore, in this case, the critical temperature is
In the opposite case r h <ā, the thermodynamical behaviour is interchanged, i.e. the solution is stable (resp. unstable) iff m > α (resp. m < α).
The jump of the heat capacity at the point r h = 2ā indicates a second order phase transition (see Fig.  4 ). Notice that in the GR limit (α → 0), the critical temperature remains finite. 
Entropy: Quantum corrections
In this subsection we shall analyze the quantum corrections to the classical entropy computed in (4.3) for Λ = 0. Since we shall consider formal series on the Planck constant , we shall restore it in the previous formulas for the entropy. We shall denote S BH = A/(4 ) the entropy given by the Bekenstein-Hawking law and S GB the entropy computed in the previous section (with the )
In the semiclassical approximation for General Relativity, the black hole entropy satisfies the Bekenstein-Hawking area law, whereas when the full quantum effect is considered, this area law should be corrected. Further, the corrected entropy S q takes the form
where S is the uncorrected semiclassical entropy of the black hole and θ is a dimensionless constant. Following the considerations on the tunneling method of [4] , the corrected Hawking temperature T q of a black hole is given by
where T H is the standard semiclassical Hawking temperature of the black hole and for some (dimensional) constants γ i . Whereas in the first three paragraphs of this section we have considered α andā as external parameters, we shall now allow them to vary within the model. This in turn implies that they should have a corresponding work-term in the expression of the first of thermodynamics, i.e.
where W α and Wā are the work-terms of α andā, respectively. At this point, one may argue why these entropy and temperature should coincide with the one we computed in the previous subsections. We leave the proof of this simple fact to the Appendix. Now, we see that, since the work-terms of α and a are not supposed to change by quantum effects, the semiclassical approximation leads to 10) which means that in fact we need not compute the work-terms coming from the parameters α andā. As noted in [42] , the constants γ i should be determined using dimensional considerations. In this case, since the following dimensions coincide
2 , we propose
where α i and a ī j are dimensionless constants and the sum is indexed byj = (j 1 , j 2 ) ∈ R 2 and of finite support. This is a generalization of the eq. (27) proposed in [42] . Hence, the corrected Hawking temperature has the form
(4.11) From equation (4.10) , the differential of the corrected entropy is given by
where we have used eq. (4.3). Since the entropy S q is a state function, dS q should be an exact differential, so
From the last two equations we see that T H /T q should not depend onā, so
The remaining equation implies that 
+ + 12rα) i , for some new dimensionless constantᾱ i (cf. [42] , eq. (27) and eq. (32)). So,
, which in turn implies that (using eq. (4.10))
This expression coincides with the one found in eq. (27) in [42] , which seems reasonable since the entropy does not depend on the extra parameter a. However, we would like to stress that we have adopted a more general assumption than [42] for the expression of the constants in the semiclassical expansion of the Hawking temperature.
Evaporation rate of the black hole
We shall discuss the evaporation of the black hole with Λ = 0. Taking into account the StefanBoltzmann law for the black body in 5 dimensions we see that the evaporation rate is
First, we see that we have a well-defined horizon radius if and only the mass parameter fulfills the requirement
This in turn implies that, if α −ā 2 /2 > 0, then the black hole cannot decay (this generalizes previous considerations in [2] ).
Otherwise, if α −ā 2 /2 ≤ 0, the black hole could decay or not. More concretely, if α −ā 2 /2 = 0 then the evaporation time of the black hole is infinite, whereas if α −ā 2 /2 < 0 it evaporates in finite time forā > 0 and in infinite time forā = 0. This can be proved as follows.
Since dm/dt = (r + −ā)dr + /dt, we may assume that, as m varies from the initial mass parameter m 0 at time t 0 to 0 at time t e , r + goes from r +,0 to r +,e =ā + √ā 2 − 2α. Then, if we denote by ∆t = t e − t 0 the interval of time for that variation If α −ā 2 /2 = 0, then one limit of integration is r +,0 =ā and the integral diverges since the integrand goes as (r + −ā) −4 . Hence the evaporation time is infinite.
On the other hand, if α−ā 2 /2 < 0, and assuming thatā > 0, we see that the integrand is bounded and continuous within the integration interval, so the black holes evaporates in finite time. In the caseā = 0, we easily see that the integral diverges.
Scalar waves propagating on string cloud background
In this section we shall consider the case of a scalar field Φ with mass µ on a 5-dimensional spacetime with a string cloud background. We follow mainly [26] . The scalar field Φ satisfies the Klein-Gordon equa-
We shall assume that, in local coordinates, Φ(r, t, φ, θ, ξ) = Ψ(r, θ, ξ)e −i(ωt−l1φ) , where l 1 ∈ Z, and further that Ψ(r, θ, ξ) = R(r)Y (θ)Z(ξ). Since the solution in the angular part is the same as in the classical case, we shall only analyze the radial part. In this case, there exist a constantl 3 ∈ N 0 such that the radial Klein-Gordon equation can be rewritten as
Now we chooseR(r) = r 3/2 R(r) and the so called tortoise coordinate r * = r * (r) given by dr * /dr = G(r) −1 . We also set R * (r * ) =R(r). Therefore, if we divide equation (5.1) by r −1/2 , we get
where
Using the expression for G(r) given in ( We see that the second order approximation coincides with the one in [26] (whenΛ =α = µ = 0) and that the parameterα does not provide any correction up to third order. We remark that the parameterα appears in the fourth order term of the expansion.
Moreover, from the analysis of Fig. 5 , we see that the potentials are real and positive outside the event horizon. Hence, following the argument given by S. Chandrasekhar in [12] , the black hole is stable under scalar perturbations. Besides, when a maximum of V (r) exists, it seems to decrease asâ increases. 
Conclusions
To summarize, we have found black holes in Einstein-Gauss-Bonnet gravity for a static and spherically symmetric 5-dimensional spacetime with an energy momentum given by a cloud of strings. We characterized the solution, calculating the possible horizons, which could be at most two. Besides, we confirmed the singular structure of the spacetime at the origin by computing some quadratic invariants.
We performed a detailed analysis of the more relevant thermodynamical aspects, focusing mainly on the global and local stability of the system. In particular, the entropy of the black hole was computed using the Wald prescription. We also found that the HPt can be realized within this context. Interestingly, the region for small stable black holes are considerably enlarged when choosing small values of (α, a). This has been already observed in the literature for other sources (cf. [3] , [9] , [13] , [18] ).
Regarding the local stability of the black holes, we obtained that the heat capacity can be negative or positive definite, depending on the relation between m and α, which further tells us whether the black hole is stable or not. In particular, the point where the heat capacity is zero corresponds to the case r h = 2ā and non-zero Hawking temperature. Notice that this critical temperature is zero for a vacuum solutionā = 0 (cf. [8] , [9] ).
Later on, we examined the quantum correction to the Hawking temperature and to the entropy, following the prescriptions of tunneling method used in [4] , [42] . We have provided a proof of a lemma which tells us that the expression for the GB entropy found in the case that α and a are treated as external parameters holds when these parameters are allowed to vary.
After that, we estimated the evaporation rate for the black hole , obtaining that for 2α >ā 2 the black hole cannot decay for its mass parameter is bounded from below. However, for 2α <ā 2 the black hole evaporates in finite time ifā > 0, whereas the evaporation time is infinite ifā = 0. For the critical case corresponding to 2α =ā 2 we showed that the evaporation time is infinite.
Finally, we studied the propagation of scalar waves using this metric as a background. We basically found that when the potential V (r) has a maximum, the black holes are stable.
